Schur-Weyl duality is a powerful tool in representation theory which has many applications to quantum information theory. We provide a generalization of this duality and demonstrate some of its applications. In particular, we use it to develop a general framework for the study of a family of quantum estimation problems wherein one is given n copies of an unknown quantum state according to some prior and the goal is to estimate certain parameters of the given state. In particular, we are interested to know whether collective measurements are useful and if so to find an upper bound on the amount of entanglement which is required to achieve the optimal estimation. In the case of pure states, we show that commutativity of the set of observables that define the estimation problem implies the sufficiency of unentangled measurements.
Introduction
Schur-Weyl duality is a duality between two subgroups of the general linear group on (C d ) ⊗n : the collective action of the unitary group U(d), and the canonical representation of the group S n of permutations of the n systems (See Sect. 2 for precise definitions and the statement of the duality). It asserts that there is a one-to-one map between the irreducible representations of the two groups, and that their product is multiplicityfree. Alternatively, one can characterize the duality as the fact that the complex algebra spanned by one of these groups is the commutant of the one spanned by the other. The generalization we derive here is also between two subgroups of the general linear group on (C d ) ⊗n . One is the collective action of a subgroup G of U(d), where G has a particular property, namely, that it is equal to the centralizer of its centralizer in U(d). We call such a group a gauge group (for reasons that will be explained shortly). The other is the group closure of the local action of G (the centralizer of G) and the canonical representation of the permutation group S n . Schur-Weyl duality is included as the special case where G = U(d).
Just as Schur-Weyl duality has many applications to quantum information theory and quantum algorithms (see [1] and [2] for a review), so too does this generalization. This article will explore some of these applications.
One such application is to finding noiseless subsystems (this is considered in Sect. 4.1.1) . However, most of the applications will rely on a particular consequence which connects global symmetries with local symmetries, considered in Sect. 4 
.2.
For M an arbitrary operator on (C d ) ⊗n , we say that M has global symmetry with respect to the subgroup H of U(d) if it is invariant under the collective action of H , i.e.,
∀V ∈ H
and we say that M has local symmetry with respect to H if it is invariant under the local action of H , i.e.,
